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Abstract
We prove that the set of CM points on the Shimura curve associa-
ted to an Eichler order inside an indefinite quaternion Q-algebra, is
in bijection with the set of certain classes of p-adic binary quadratic
forms, where p is a prime dividing the discriminant of the quaternion
algebra. The classes of p-adic binary quadratic forms are obtained by
the action of a discrete and cocompact subgroup of PGL2(Qp) aris-
ing from the p-adic uniformization of the Shimura curve. We finally
compute families of p-adic binary quadratic forms associated to an
infinite family of Shimura curves studied in [2]. This extends results
of Alsina-Bayer [1] to the p-adic context.
Introduction
The theory of complex multiplication for the field of rational numbers Q,
provides a concrete way to generate ring class fields of imaginary quadratic
fields K over Q. These extensions are obtained by adjoining to K “special
values”, known as singular moduli, of automorphic functions uniformizing
Shimura curves (cf. [17, Main Theorem I]). Therefore, it is of some interest
to understand the nature of these special algebraic points, with respect
to the uniformization of the curve. To be more precise: if (X, JΓ) is the
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canonical model over Q of the Shimura curve X , together with its complex
uniformization
JΓ : Γ\H ≃ X(C),
and τ ∈ Γ\H is a parameter such that JΓ(τ) is the special value in question,
i.e. K(JΓ(τ)) is a certain ring class field of the imaginary quadratic field K,
then we wish to understand how to obtain the parameter τ , which is what
we call a complex multiplication (CM) parameter by the field K.
Complex multiplication parameters are fundamental in the explicit com-
putation of the canonical model of a Shimura curve, since they characterize
the uniformizing functions JΓ (cf. [5], [6], [16], [19],[20]). For this reason it is
necessary, in making explicit a complex uniformization of the Shimura curve
X , to place these parameters inside the fundamental domain associated to
the uniformization (cf. [1],[4],[19]). Finally the computation of CM param-
eters can be used in many cases to compute algebraic points on modular
elliptic curves (see [10] for an overview on this subject).
On the one hand, CM parameters have a geometric interpretation, com-
ing from the property of the curve X to be a coarse moduli space of families
of abelian varieties with some additional structure (see [3] for more details
and examples). This modular interpretation is actually the key to under-
standing the theory of complex multiplication as well as the proofs of its
statements. On the other hand, CM parameters also arise as zeros of cer-
tain classes of integral binary quadratic forms. These quadratic forms have
rational integral coefficients when we are looking for complex multiplica-
tion parameters arising from Shimura curves of discriminant 1 (i.e. classical
modular curves): this is the celebrated theory of binary quadratic forms
started in Gauß’ Disquisitiones Arithmetiquae, (cf. [8], [9]). And they have
quadratic integral coefficients when classical modular curves are replaced
by general Shimura curves of arbitrary discriminant (cf. [1]).
All these theories of binary quadratic forms are associated to the complex
(and therefore archimedean) uniformization of Shimura curves, so it seems
quite natural to investigate the analogous situation for the non-archimedean
uniformization, when this is available. Thanks to the Cerednik-Drinfeld the-
ory (cf. [7]) we have a description of the p-adic points of a Shimura curve X
over Q associated to an indefinite quaternion algebra of discriminant Dp,
where p is a distinguished prime number. In particular, we have a bijection
on the set of Qp2-points of the Shimura curve X , where Qp2 denotes the
quadratic unramified extension of Qp. The bijection is between the follow-
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ing sets:
Γp,+\Hp(Qp2) ≃ X(Qp2),
where Hp(Qp2) = P1(Qp2) r P1(Qp) is the set of Qp2-valued points of the
p-adic upper half-plane Hp, and Γp,+ is a discrete and cocompact subgroup
of PGL2(Qp) which is explicitly constructed from the quaternion algebra
defining the Shimura curve X .
In this paper we associate to the p-adic uniformization of the Shimura
curve X certain parameters in Hp(Qp2), analogous to the CM parameters
in H. Similar p-adic parameters have been already considered in [13], and
the mod p reduction of CM points on Shimura curves has been studied in
[14].
We follow, in the study of these parameters, the p-adic analog of the line
adopted in [1]. We are able to recover these parameters as zeros of certain
binary quadratic forms with p-adic coefficients. Finally, in Theorem 4.6, we
relate the number of Γp,+-classes in Hp(Qp2) of p-imaginary multiplication
parameters with the number of Γ-classes in H of complex multiplication
parameters, proving that these two cardinalities coincide.
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Notations
When ℓ is a fixed finite prime of Q, we will denote by Qℓ2 the quadratic
unramified extension of Qℓ, which is unique inside a fixed algebraic closure
Qℓ of Qℓ. When ℓ = ∞ is the archimedean prime of Q, we use then the
notations Q∞ = R and Q∞2 := C, according to the convention for which C
is the quadratic unramified extension of R (cf. [15, Ch. III]).
For every prime ℓ of Q we denote by Z[1/ℓ] the ring of integers outside
ℓ, i.e.,
Z[1/ℓ] :=
⋂
q 6=ℓ
(Zq ∩Q).
In particular when ℓ =∞, then Z[1/∞] = Z.
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1 Transformations in PGL2(Qp)
We start by recalling how transformations in PGL2(Qp) are classified. For
more details we refer the reader to [12].
Definition 1.1. Let γ ∈ PGL2(Qp) be a transformation represented by a
matrix having eigenvalues µ1, µ2 ∈ Qp.
(i) γ is called hyperbolic if |µ1| 6= |µ2|.
(ii) γ is called elliptic if µ1 6= µ2 and |µ1| = |µ2|.
(iii) γ is called parabolic if µ1 = µ2.
In a similar way as in the case of PSL2(R) (cf. [1, Sec. 2.2]), we can
associate to every matrix γ =
(
a b
c d
)
∈ M2(Qp), the following p-adic
binary quadratic form:
fγ(X, Y ) := cX
2 + (d− a)XY − bY 2 ∈ Qp[X, Y ].
We call zeros of the quadratic form fγ the zeros of the quadratic polynomial
fγ(X, 1) ∈ Qp[X ].
Remark 1.2. Observe that the form fγ has the following properties:
(i) The discriminant of the polynomial fγ(X, 1) is
disc(fγ(X, 1)) = (d− a)2 + 4bc = Tr2(γ)− 4Det(γ),
which turns out to be equal to the discriminant of the characteristic
polynomial associated to γ.
(ii) The zeros of the form fγ are the fixed points in Hp of the transforma-
tion represented by the matrix γ, i.e.
fγ(τ, 1) = 0 ⇐⇒ γ · τ = τ.
Proposition 1.3. The following characterizations hold:
(i) γ is hyperbolic ⇐⇒ disc(fγ(X, 1)) ∈ Q∗2p ⇐⇒ γ has two different
fixed points in P1(Qp).
(ii) γ is elliptic ⇐⇒ disc(fγ(X, 1)) /∈ Q∗2p ⇐⇒ γ has two different fixed
points in Qp2 rQp.
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(iii) γ is parabolic ⇐⇒ disc(fγ(X, 1)) = 0 ⇐⇒ γ has a unique fixed
point in P1(Qp).
Remark 1.4. Recall that Qp2rQp is the set of the Qp2-points of the p-adic
upper-half plane Hp (cf. [2] for a brief overview). We wish to underline the
difference between Proposition 1.3 and its archimedean analog. In fact, the
connectedness of the p-adic upper half-plane Hp reflects into the fact that
elliptic transformations have two fixed points instead of one.
2 Embeddings of p-imaginary quadratic fields
into definite quaternion algebras
Definition 2.1. Let ℓ be a (finite or archimedean) prime of Q. We say that
a quadratic field K|Q is imaginary at ℓ (also ℓ-imaginary) if K⊗QQℓ ≃ Qℓ2 .
Remark 2.2. In particular, a quadratic field K is imaginary at the prime
∞ if and only if it is imaginary, in the usual sense. Otherwise, if ℓ is a
finite prime then a quadratic field K is imaginary at the prime ℓ if and only
if K = Q(
√
d), for a square-free integer d coprime with ℓ and such that(
d
ℓ
)
= −1, that is if and only if the prime ℓ is inert in K.
LetH be a definite quaternion Q-algebra of discriminant D and let p ∈ Z
be a prime not dividing D. Let us fix an isomorphism of Qp-algebras Φp :
Hp := H ⊗Q Qp ≃ M2(Qp), and let us also denote by Φp the corresponding
matricial immersion H →֒ M2(Qp).
If K is a p-imaginary quadratic field such that there exists an immersion
ϕ : K →֒ H of Q-algebras, then we can consider the corresponding matricial
immersion Φp ◦ ϕ : K →֒ M2(Qp) and the following set of transformations:
{Φp(ϕ(a)) ∈ GL2(Qp) | a ∈ K∗}.
We are now going to prove, in Proposition 2.4, the p-adic version of
[17, Proposition 2.6 ]. We first need the following easy lemma.
Lemma 2.3. Let γ, γ′ ∈ GL2(Qp). Then γ, γ′ have the same fixed points if
and only if there exist λ, µ ∈ Qp, λ 6= 0, such that γ′ = λI2 + µγ.
Proof. The proof goes as in [1, 6.1], after replacing R by Qp.
Proposition 2.4. Let K be a quadratic field imaginary at the prime p and
let ϕ : K →֒ H be an immersion of Q-algebras. Then for every a ∈ K∗
all the transformations Φp(ϕ(a)) ∈ GL2(Qp) are elliptic and they have two
fixed points in Hp(Qp2) = Qp2 rQp not depending on a.
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Proof. Let us write a = x + y
√
d ∈ K∗. Then Φp(ϕ(a)) = xI2 + yγ ∈
GL2(Qp), where γ := Φp(ϕ(
√
d)) is a transformation such that γ2 = dI2.
Hence, by Lemma 2.3 it is clear that all the transformations Φp(ϕ(a)) have
the same fixed points as γ. Now it is easy to see that the discriminant of
the characteristic polynomial of γ = Φp(ϕ(
√
d)) is
tr2(γ)− 4det(γ) = 4d /∈ Q∗2p
since
(
d
p
)
= −1. Finally, the transformation γ is elliptic and its fixed points
z1, z2 are in Qp2 rQp = Hp(Qp2). Actually, z1, z2 ∈ Qp(
√
d) ≃ Qp2 .
The reciprocal is also true and it is the following:
Proposition 2.5. If α ∈ H,α /∈ Q, is such that the associated transforma-
tion Φp(α) ∈ GL2(Qp) has two fixed points z1, z2 ∈ Hp(Qp2), then Q(α) is a
quadratic extension of Q, imaginary at the prime p, admitting an embedding
in H.
Proof. For every quaternion α ∈ H not in Q, the extension Q(α) is a
quadratic subfield of the algebra H , since α satisfies the quadratic equation
X2 − TrH/Q(α)X + NmH/Q(α) = 0. Now if we set γ := Φp(α) ∈ GL2(Qp)
then Q(α) = Q(
√
d) where d is the discriminant of the characteristic poly-
nomial Pγ(X) of γ. Since the transformation γ is elliptic, by Proposition 1.3
we have that d /∈ Q∗2p and so Qp(
√
d) ≃ Qp2. Hence Q(α) is a p-imaginary
quadratic subfield of H .
Remark 2.6. If γ := Φp(ϕ(
√
d)) =
(
a b
c −a
)
, the zeros of its associated
binary quadratic form have the following expressions:
z1 =
a+
√
d
c
, z2 =
a−√d
c
.
Therefore we see that z1 and z2 are Galois conjugated in the quadratic
extension Qp(
√
d), so we can write z1 = z2 and we have that the action of
γ on these points is
γ
(
z1
1
)
=
√
d
(
z1
1
)
, γ
(
z1
1
)
= −√d
(
z2
1
)
.
Following the same spirit as in [1] we want to relate the set of embeddings
of p-imaginary quadratic fields into the quaternion algebra H with the set
of representations of an integer by certain quadratic forms associated to the
algebra.
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Definition 2.7. An integer t is said to be represented by an n-ary quadratic
form
f ∈ Z[1/ℓ][X1, . . . , Xn]
if there exist a1, . . . , an ∈ Z[1/ℓ] such that f(a1, . . . , an) = t. In this case
we write t← f, and the n-tuple (a1, . . . , an) is called a representation. The
representation is said to be primitive if the ideal generated by a1, . . . , an is
(a1, . . . , an) = Z[1/ℓ].
We will denote by
Rep(f, t;Z[1/ℓ]), and Rep∗(f, t;Z[1/ℓ])
the set of representations of the integer t by the form f , and its subset of
primitive representations, respectively.
Definition 2.8. Let Q be a quaternion Q-algebra, K a quadratic field, and
ℓ a prime integer. If OK,m[1/ℓ] ⊆ K is a quadratic order over Z[1/ℓ] of
conductor m and O[1/ℓ] is an Eichler order over Z[1/ℓ] in Q, then we will
denote by
E(K,Q) and E(OK,m[1/ℓ],O[1/ℓ]),
respectively, the set of embeddings K →֒ Q of Q-algebras and the set of
embeddings OK,m[1/ℓ] →֒ O[1/ℓ] of Z[1/ℓ]-modules.
Definition 2.9 (cf.[1], Definition 4.7 ). Let ℓ be a fixed prime integer.
Let Q be a quaternion Q-algebra, O[1/ℓ] be an Eichler order over Z[1/ℓ]
and OK,m[1/ℓ] be an order over Z[1/ℓ] inside a quadratic field K and of
conductor m.
An embedding ϕ : OK,m[1/ℓ] →֒ O[1/ℓ] is said to be optimal if it satisfies
the equality ϕ(OK,m[1/ℓ]) = O[1/ℓ] ∩ ϕ(K).
We will denote by
E∗(OK,m[1/ℓ],O[1/ℓ])
the subset of E(OK,m[1/ℓ],O[1/ℓ]) of optimal embeddings.
Proposition 2.10. Let H be a definite quaternion algebra over Q.
If K = Q(
√
d) is a quadratic field, with d a square-free integer, then
there exists a bijection of sets
E(K,H) ≃ Rep(NH,3,−d;Q).
In particular, every quadratic field K admitting an embedding K →֒ H is
imaginary at ∞, i.e. d < 0.
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Proof. The proof is the same as in [1, 4.2]. The idea is that if ϕ : K →֒ H is
an embedding, then ϕ(
√
d) is a pure quaternion of norm NmH/Q(ϕ(
√
d)) =
NmK/Q(
√
d) = −d and so its coordinates in a Q-basis of H gives the desired
representation. The viceversa is then clear.
Finally, since the ternary normic form NH,3 is positive definite, condition
−d← NH,3 implies that d is negative.
Proposition 2.11. Let H be a definite quaternion algebra over Q of dis-
criminant D and let p be a prime integer not dividing D. Let B be an indefi-
nite quaternion algebra over Q of discriminant Dp and let K be a quadratic
field imaginary at both the primes p and∞. Then there is a bijection of sets
E(K,B) ≃ E(K,H).
Proof. First recall that for the indefinite quaternion algebra B the statement
analogous to Proposition 2.10 holds (cf. [1, 4.2]) so each set of embeddings
of the statement can be described by representations.
Let us start by noting that the quaternion algebras B andH are such that
Bℓ ≃ Hℓ for every ℓ /∈ {∞, p}, so in order to apply the Principle of Hasse-
Minkowski for quadratic forms or, equivalently, for embeddings (cf. [18, 3.2])
we only need to look at the behavior of the immersion/representation at one
of the primes p,∞ (the other one comes for free via the product formula for
the Hilbert symbol).
From left to right, we have that the ternary normic form N3,H always
represents all positive integers over R. From right to left, we have that the
local quaternionQp-algebra Bp is a field containing two copies ofQp2 ≃ K(p),
since B is ramified at p.
So we have seen that the set of quadratic fields
{K | [K : Q] = 2, K →֒ H, K ⊗Qp ≃ Qp2}
is included in the set
{K | [K : Q] = 2, K →֒ B, K ⊗ R ≃ C}
and the inclusion is strict since there are negative integers d such that(
d
p
)
6= −1.
From now on, H and B will denote, respectively, a definite and an indef-
inite quaternion algebra over Q of discriminant D and Dp, for a fixed prime
integer prime integer p ∤ D. And OB ⊆ B and O ⊆ H will denote Eichler
orders over Z of the same level N .
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Let K = Q(
√
d) be a quadratic field, where d is a square-free integer, and
let OK,m ⊆ K be an order over Z of conductor m. As usual, we denote by
O[1/p] := O⊗Z Z[1/p] and OK,m[1/p] := OK,m⊗Z Z[1/p] the corresponding
Z[1/p]-orders in H and in K, respectively.
We will consider the following subgroups of quaternion units, arising from
the complex and the p-adic uniformizations of the Shimura curve X(Dp,N)
associated to the Eichler order OB:
(i) O∗B,+ := {α ∈ O∗B | Nm(α) > 0} = {α ∈ O∗B | Nm(α) = 1},
(ii) O[1/p]∗+ := {α ∈ O[1/p]∗ | vp(Nm(α)) ≡ 0 (mod 2)}.
Thus we have right actions of these groups over the sets
E∗(OK,m,OB) and E∗(OK,m[1/p],O[1/p]) respectively,
as defined in the following:
(i) For any α ∈ O∗B,+ and any ϕ ∈ E∗(OK,m,OB),
(ϕ · α)(x) := α−1ϕ(x)α, x ∈ OK,m.
(ii) For any α ∈ O[1/p]∗+ and any ϕ ∈ E∗(OK,m[1/p],O[1/p]),
(ϕ · α)(x) := α−1ϕ(x)α, x ∈ OK,m[1/p].
Therefore we can define the following cardinalities of sets, following the
same notations as in [1, 4.2]:
(i) ν(Dp,N, d,m;O∗B,+) := #E∗(OK,m,OB)/O∗B,+,
(ii) ν(D,N, d,m;O[1/p]∗+) := #E∗(OK,m[1/p],O[1/p])/O[1/p]∗+.
Remark 2.12. The cardinality ν(D,N, d,m;O[1/p]∗+) does not depend on
the type of the order O[1/p] in H and the cardinality ν(Dp,N, d,m;O∗B,+)
does not depend on the type of the order OB in B, since the number of types
t(D,N) and t(Dp,N) are both equal to 1 (as a consequence of [18, Corollaire
5.7]).
In the same way we can define also the cardinalities
(i) ν(Dp,N, d,m;O∗B) := #E∗(OK,m,OB)/O∗B,
(ii) ν(D,N, d,m;O[1/p]∗) := #E∗(OK,m[1/p],O[1/p])/O[1/p]∗.
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In order to compute these cardinalities we have to define the following
associated local factors:
(i) For every prime integer ℓ,
νℓ(Dp,N, d,m;O∗B) := #E∗(OK,ℓ,OB)/O∗B,ℓ.
(ii) For every prime integer ℓ 6= p,
νℓ(D,N, d,m;O[1/p]∗) := #E∗(OK,ℓ,Oℓ)/O∗ℓ .
Theorem 2.13. Let K = Q(
√
d) be a quadratic field, with d a square-free
integer, and let OK,m ⊆ K be an order over Z of conductor m.
Then the cardinalities
ν(Dp,N, d,m;O∗B),
ν(D,N, d,m;O[1/p]∗),
ν(Dp,N, d,m;O∗B,+),
ν(D,N, d,m;O[1/p]∗+)
are finite. Moreover if the quadratic field K is imaginary at both p and ∞,
then the following relations are satisfied:
(i) ν(D,N, d,m;O[1/p]∗+) = 2ν(D,N, d,m;O[1/p]∗),
(ii) ν(Dp,N, d,m;O∗B,+) = 2ν(Dp,N, d,m;O∗B),
(iii) ν(Dp,N, d,m;O∗B) = 2ν(D,N, d,m;O[1/p]∗),
(iv) ν(Dp,N, d,m;O∗B,+) = 2ν(D,N, d,m;O[1/p]∗+).
Proof. We start with the proof of point (iii). Following [18, Theorem 3.1,
3.2 ] we have that when N is square-free,
νℓ(Dp,N, d,m;O∗B) =


1−
(
d
ℓ
)
, if ℓ | Dp
1 +
(
d
ℓ
)
, if ℓ | N
1, otherwise,
and for every ℓ 6= p,
νℓ(D,N, d,m;O[1/p]∗) =


1−
(
d
ℓ
)
, if ℓ | D
1 +
(
d
ℓ
)
, if ℓ | N
1, otherwise.
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In particular note that
νℓ(Dp,N, d,m;O∗B) = νℓ(D,N, d,m;O[1/p]∗)
for every ℓ 6= p since Bℓ ≃ Hℓ for every finite prime ℓ 6= p.
Now by [1, Theorem 4.19] we already know that ν(Dp,N, d,m;O∗B) is
finite. This is actually [18, Theorem 5.15] since the Eichler order OB over Z
satisfies Eichler’s condition (cf. [18, p. 81]). Moreover, we can again apply
[18, Theorem 5.15] to the Eichler order O[1/p] over Z[1/p] and, by the
computations of the local factors above, we find the following equalities:
ν(D,N, d,m;O[1/p]∗) = h(OK,m[1/p])
∏
ℓ 6=p
νℓ(D,N, d,m;O[1/p]∗) =
h(OK,m)
∏
ℓ 6=p
ν(Dp,N, d,m;O∗B,ℓ) = ν(Dp,N, d,m;O∗B)νp(Dp,N, d,m;O∗B)−1 =
=
1
2
ν(Dp,N, d,m;O∗B).
Note that since K is p-imaginary, νp(Dp, d,m;O∗B) = 2, and the ideal
class numbers of the orders OK,m[1/p] and OK,m coincide. This completes
the proof of the equality (iii).
When N is not square-free, the corresponding formulas for the local
cardinalities are given in [1, Theorem 4.19] (see[11] for a proof) and again
these formulas depend only on the primes ℓ|N, ℓ 6= p and on the integer d.
Hence the proof of equality (iii) in this case proceeds in the same way.
The first (resp. the second) equality of the statement follows from the
simple observation that the group O[1/p]∗+ (resp. O∗B,+) has index 2 inside
O[1/p]∗ (resp. O∗B). Finally (iv) is a consequence of (i), (ii) and (iii).
3 p-adic binary quadratic forms associated
to Shimura curves
Let H be a definite quaternion algebra over Q of discriminant D and let p
be a prime integer such that p ∤ D. Let O ⊆ H be an Eichler order of level
N coprime with p and denote by O[1/p] := O ⊗ Z[1/p] the corresponding
Z[1/p]-order. Let K be a p-imaginary quadratic field of discriminant DK
and let OK,m[1/p] be a Z[1/p]-order of conductor m.
Theorem 3.1. If we denote by O′ the order of H equal to Z + 2O, then
there is a bijective map
ρ : E(OK,m[1/p],O[1/p])→ Rep(NO′,3,−m2DK ;Z[1/p]),
whose restriciton to the subset of optimal embeddings E∗(OK,m[1/p],O[1/p])
induces a bijection
ρ∗ : E∗(OK,m[1/p],O[1/p])→ Rep∗(NO′,3,−m2DK ;Z[1/p]).
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Proof. The proof is the same as the one of [1, Theorem 4.26], after replacing
Z by Z[1/p]. We sketch the construction of the bijection
ρ : E(OK,m[1/p],O[1/p]) ≃ Rep(NO′,3,−m2DK ;Z[1/p]),
because this will be applied later to compute examples of families of p-adic
binary quadratic forms.
Let us assume first that K = Q(
√
d) is an imaginary quadratic field such
that d ≡ 2, 3 (mod4), so K has discriminant DK = 4d and OK,m[1/p] =
Z[1/p][m
√
d].
If ϕ : OK,m[1/p] →֒ O[1/p] is an embedding, then ω := ϕ(m
√
d) is an
element of O[1/p] with TrH/Q(ω) = TrK/Q(m
√
d) = 0 and NmH/Q(ω) =
NmK/Q(m
√
d) = −m2d.
Now it is very important to observe the following fact. If B = {1, v2, v3, v4}
is a normalized basis for O[1/p], then O′[1/p] = Z[1/p]+2O[1/p] admits an
integral basis B′ = {1, 2v2, 2v3, 2v4−Tr(v4)} such that 2v2, 2v3, 2v4−Tr(v4)
are pure quaternions (cf. [1, Definitions 1.36, 1.37]), and so a quaternion
α = (a1, a2, a3, a4)B′ is pure if and only if a1 = 0.
Therefore 2ω ∈ O′[1/p], with Tr(2ω) = 0 and Nm(2ω) = −m24d =
−m2DK . After the observation above, it is clear that the integral coordinates
of 2ω in the basis B′ are (0, x, y, z) ∈ Z[1/p] and give a representation
(x, y, z) ∈ Rep(NO′,3,−m2DK ;Z[1/p]).
Viceversa, given a representation (x, y, z) ∈ Rep(NO′,3,−m2DK ;Z[1/p])
we can consider the quaternion α := (0, x, y, z)B′ ∈ O′[1/p]. Therefore α/2 =
−zTr(v4)/2+xv2+yv3+ zv4 ∈ O[1/p] is such that Tr(α/2) = 0 (after what
we have observed about the basis B′) and Nm(α/2) = −m2d, so we can
define the embedding ϕ : OK,m[1/p] →֒ O[1/p] by setting ϕ(m
√
d) := α/2.
In the case K = Q(
√
d) and d ≡ 1 (mod 4), we have that K has discrim-
inant DK = d and OK,m[1/p] = Z[1/p][(1 +
√
d)/2]. We can then construct
the bijection with the same reasoning.
Finally we can summarize the bijection ρ∗ as follows.
If (x, y, z) ∈ Rep∗(NO′,3,−m2DK ;Z[1/p]) then we define an optimal em-
bedding ϕ ∈ E∗(OK,m[1/p],O[1/p]) by
ϕ(
√
d) :=


(
−zTr(vv4)
2m
,
x
m
,
y
m
,
z
m
)
B
, if d ≡ 2, 3 (mod4)
(
−zTr(vv4)
m
,
2x
m
,
2y
m
,
2z
m
)
B
, if d ≡ 1 (mod 4).
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If ϕ ∈ E∗(OK,m[1/p],O[1/p]) and we denote
ω :=


ϕ(m
√
d), if d ≡ 2, 3 (mod 4)
ϕ
(
m
1 +
√
d
2
)
, if d ≡ 1 (mod 4),
then the representation associated to ϕ is (x, y, z) ∈ Rep∗(NO′,3,−m2DK ;Z[1/p])
such that
ω =


(
−zTr(v4)
2
, x, y, z
)
B
, if d ≡ 2, 3 (mod4)
(
m− zTr(v4)
2
, x, y, z
)
B
, if d ≡ 1 (mod 4).
Remark 3.2. Both bijections ρ, ρ∗ are not canonical, since they depend on
the choice of a normalized basis B for the order O[1/p].
As a direct consequence of Theorems 2.13 and 3.1 we have the following
result.
Corollary 3.3. Let K be a quadratic field of discriminant DK , imaginary
at both the primes p and ∞, and let OK,m be an order in K of conductor
m. Then, the following are equivalent:
(i) E∗(OK,m[1/p],O[1/p]) 6= ∅,
(ii) E∗(OK,m,OB) 6= ∅,
(iii) Rep∗(NO′,3,−m2DK ;Z[1/p]) 6= ∅,
(iv) Rep∗(NO′
B
,3,−m2DK ;Z) 6= ∅,
(v) All primes ℓ|DB are not split in K and all primes ℓ|N are not inert
in K.
Let H be a definite quaternion algebra of discriminant D and let p be a
prime integer such that p ∤ D. Let B be an indefinite quaternion algebra of
discriminant Dp. Let OB ⊆ B and O ⊆ H be Eichler orders over Z, both
of level N , (N, p) = 1. Put
O′B = Z+ 2OB, O′ = Z+ 2O,
O[1/p] = O ⊗ Z[1/p], O′[1/p] = O′ ⊗ Z[1/p].
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The algebra H admits a presentation H =
(
α, β
Q
)
such that
(
α
p
)
= 1,
which induces the p-adic matricial immersion
H −→ M2(Qp(
√
α)) = M2(Qp)
x+ yi+ zj + tk 7−→
(
x+ y
√
α z + t
√
α
β(z − t√α) x− y√α
)
,
and the algebra B admits a presentation B =
(
a, b
Q
)
such that a > 0,
which induces the ∞-adic (or real) matricial immersion
B −→ M2(Q∞(√a)) = M2(R)
x+ yi+ zj + tk 7−→
(
x+ y
√
a z + t
√
a
b(z − t√a) x− y√a
)
.
Let K = Q(
√
d) be a quadratic field imaginary at both the primes ∞ and
p and let OK,m ⊆ K be an order over Z of conductor m. Put
OK,m[1/p] := OK,m ⊗ Z[1/p].
As usual, B0 and H0 denote the subset of pure quaternions in B and in
H , respectively.
We define the following sets of binary quadratic forms:
Hp(O′[1/p]) := {fΦp(α) ∈ Qp[X, Y ] | α ∈ O′[1/p] ∩H0},
H∞(O′B) := {fΦ∞(α) ∈ R[X, Y ] | α ∈ O′B ∩B0},
Hp(O′[1/p],OK,m[1/p]) := {f ∈ Hp(O′[1/p]) | det(f) = −m2DK},
H∞(O′B,OK,m) := {f ∈ H∞(O′B) | det(f) = −m2DK}.
The second and the fourth sets are the same as the ones defined in
[1, Notation 4.42]. The notations Hp and H∞ aim to recall the ones used
to denote the p-adic and Poincare´ upper half-planes, since these sets are
formed by binary quadratic forms whose zeros are special points on these
two upper half-planes.
Note that these sets also depends on the choice of a matrix representation
of the underlying quaternion algebra. This makes anyway sense, since the
modular interpretation of the associated Shimura curve also depends on this
datum (cf. [3])
Proposition 3.4. The following are well-defined and bijective maps:
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(i) f∞ : E(OK,m,OB)→H∞(O′B,OK,m), where f∞(ϕ) := fΦ∞(ϕ(m√DK)).
(ii) fp : E(OK,m[1/p],O[1/p])→ Hp(O′[1/p],OK,m[1/p]), where
fp(ϕ) := fΦp(ϕ(m
√
DK)),
for every ϕ ∈ E(OK,m[1/p],O[1/p]).
Proof. For the proof of (i) see [1, Theorem 4.53]. For the proof of (ii), let
us observe that the element e := ϕ(m
√
DK) belongs to O′[1/p] and is such
that NmH/Q(e) = −m2DK and TrH/Q(e) = 0 (cf. also the proof of Theorem
3.1).
Therefore fΦp(e) ∈ Hp(O′[1/p]) and det(fΦp(e)) = −m2DK . The map fp
is then well-defined and proving that is a bijection is straightforward.
Remark 3.5. Note that, as in Theorem 3.1, bijections f∞ and fp are not
canonical as they depend on the choice of a matricial representation Φ∞
and Φp, respectively.
Definition 3.6. We define the following sets of “primitive” binary quadratic
forms.
(a) H∗∞(O′B,OK,m) := f∞(E∗(OK,m,OB)),
(b) H∗p(O′[1/p],OK,m[1/p]) := fp(E∗(OK,m[1/p],O[1/p])).
We refer by (OB,OK,m)-primitive quadratic form to a binary quadratic form
belonging to the set H∗∞(O′BOK,m), and by (O[1/p],OK,m[1/p])-primitive
quadratic form to a binary quadratic form belonging toH∗p(O′[1/p],OK,m[1/p]).
Combining bijections defined in Theorem 3.1 and Proposition 3.4 we
obtain the following result, which mirrors [1, Corollary 4.5].
Corollary 3.7. There exist bijective maps:
(i) E(OK,m,OB) ≃ Rep(NO′
B
,3,−m2DK ;Z) ≃ H∞(O′B,OK,m),
(ii) E(OK,m[1/p],O[1/p]) ≃
≃ Rep(NO′,3,−m2DK ;Z[1/p]) ≃ Hp(O′[1/p],OK,m[1/p]),
which restrict to bijections of sets of optimal embeddings, primitive repre-
sentations and primitive forms:
(i) E∗(OK,m,OB) ≃ Rep∗(NO′
B
,3,−m2DK ;Z) ≃ H∗∞(O′B,OK,m),
(ii) E∗(OK,m[1/p],O[1/p]) ≃
≃ Rep∗(NO′,3,−m2DK ;Z[1/p]) ≃ H∗p(O′[1/p],OK,m[1/p]).
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4 Class numbers of p-adic binary quadratic
forms and CM points
Now we will rephrase the definition of complex multiplication parameter
arising from the complex uniformization of a Shimura curve X(Dp,N) (cf.
[1]) by using a notation which is more enlightening in this context. In fact,
this new formulation will allow us to establish the analogous definition for
the p-adic uniformization of a Shimura curve, thanks to the interchange of
the local invariants p and ∞.
Let B be an indefinite quaternion algebra of discriminant Dp and let
OB ⊆ B be an Eichler order over Z of level N . Let H be the definite
quaternion algebra of discriminant D and let OB[1/p] ⊆ B be an Eichler
order over Z[1/p] of conductor N . Fix two matricial immersions:
Φ∞ : B →֒ M2(Q∞), Φp : H →֒ M2(Qp).
Therefore we can consider the following discrete subgroups:
(a) Γ∞ := Φ∞(O∗B)/Z∗ ⊆ PGL2(Q∞),
(b) Γp := Φp(O[1/p]∗)/Z[1/p]∗ ⊆ PGL2(Qp).
(c) Γ∞,+ := Φ∞(O∗B,+)/Z∗ ⊆ PGL2(Q∞),
(d) Γp,+ := Φp(O[1/p]∗+)/Z[1/p]∗ ⊆ PGL2(Qp).
Definition 4.1. Let K = Q(
√
d) be a quadratic field, imaginary at both
the primes ∞ and p, and let OK,m be an order of K of conductor m. Put
OK,m[1/p] := OK,m ⊗Z Z[1/p].
(a) We say that a point τ ∈ Γ∞,+\H is an ∞-imaginary multiplication
parameter by OK,m (also a complex multiplication parameter) if τ ∈ H
is a fixed point for an optimal Z-embedding ϕ : OK,m →֒ OB.
We denote by
CM∞(Dp,N, d,m)
the subset in Γ∞,+\H of complex multiplication parameters by OK,m,
and its cardinality by cm∞(Dp,N, d,m).
(b) We say that a point τ ∈ Γp,+\Hp(Qp2) is a p-imaginary multiplication
parameter by OK,m[1/p] if τ ∈ Hp(Qp2) is a fixed point for an optimal
Z[1/p]-embedding ϕ : OK,m[1/p] →֒ O[1/p].
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We denote by
CMp(D,N, d,m)
the subset in Γp,+\Hp(Qp2) of p-imaginary multiplication parameters
by the order OK,m[1/p], and its cardinality by cmp(D,N, d,m).
As observed in Remark 2.6, an embedding ϕ : K →֒ H has two Galois
conjugated fixed points z, z ∈ Qp2 r Qp, the Galois conjugation being in
this case the one coming from the Galois group of the quadratic extension
Qp2 |Qp.
Definition 4.2. LetK be a quadratic field,K = Q(
√
d) with d a square-free
integer. For every embedding ϕ ∈ E(K,H) there exists a unique embedding
ψ ∈ E(K,H) such that:
ϕ(
√
d) = α ⇐⇒ ψ(−
√
d) = −α.
The embedding ψ is exactly the embedding ϕ composed with the Galois
conjugation of the Galois group Gal(K/Q) and so it has the same fixed
points of ϕ. The embedding ψ is called the conjugated embedding of ϕ and
it is denoted by ϕ.
Moreover, since ϕ(OK,m) = ϕ(OK,m) and ϕ(K) = ϕ(K), we have that
ϕ ∈ E∗(OK,m[1/p],OB[1/p]) ⇐⇒ ϕ ∈ E∗(OK,m[1/p],OB[1/p]).
The relation between conjugated embeddings and their fixed points is
explained in the following result.
Lemma 4.3. Let ϕ, ϕ′ ∈ E∗(OK,m[1/p],O[1/p]) be optimal embeddings such
that
(i) {z = z(ϕ), z = z(ϕ)} are the fixed points of ϕ,
(ii) {z′ = z(ϕ′), z′ = z(ϕ′)} are the fixed point of ϕ′.
Then z′ is Γp,+-equivalent to z or to z if and only if ϕ′ is O[1/p]∗+-equivalent
to ϕ or to ϕ.
Proof. The proof follows the same idea as in [1, Proposition 6.11] with the
difference that in our case the transformations have two fixed and Galois
conjugated points.
First observe that:
(a) z(ϕ) = z(ϕ),
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(b) z′ = Pz ⇐⇒ z′ = Pz, for every P ∈ PGL2(Qp).
Let us assume for example that z = Pz′, for some P ∈ Γp, and let
σ ∈ O[1/p]∗+/Z[1/p] be such that Φp(σ) = P .
Let α ∈ K∗, Tr(α) = 0, and put
γ := Φp(ϕ(α)), γ
′ := Φp(ϕ′(α)), γ′′ := Φp(σ−1ϕ(α)σ).
Therefore γ′′ has fixed points {z′, z′}, the same as γ′ so by Lemma 2.3
γ′ = λγ′′ + µI2, for some λ, µ ∈ Qp, λ 6= 0. A computation of the trace and
of the determinant of γ′ and γ′′ gives the equality Det(γ′) = λ2Det(γ′′) and
so λ = ±1. Hence we have that ϕ′(α) = σ−1(±ϕ)(α)σ for every α ∈ K∗
of null-trace, so ϕ is O[1/p]∗+-equivalent to ϕ or to ϕ. If we assume that
z = Pz′, with the same reasoning we obtain that ϕ has to be O[1/p]∗+-
equivalent to ϕ or to ϕ.
For the viceversa let us assume that ϕ′ is O[1/p]∗+-equivalent to ϕ, i.e.
there exists a σ ∈ O[1/p]∗+ such that ϕ′ = σ1ϕσ. For every α ∈ K put
P := Φp(σ) γ := Φp(ϕ(α)) γ
′ := Φp(ϕ′(α)).
Therefore γ′ = P−1γP and a simple calculation yields that γ′ fixes P−1z
and P−1z. Since γ has as unique fixed points z′ and z′, then we have that
P−1z = z′ or P−1z = z′. Again, if we assume that ϕ′ is O[1/p]∗+-equivalent
to ϕ, we prove that z has to be Γp,+-equivalent to z′ or z′.
Lemma 4.4. Let ϕ ∈ E∗(OK,m[1/p],O[1/p]) be an optimal embedding with
fixed points {z, z}.
Then z and z are never PGL2(Qp)-equivalent and they represent different
classes in Γp,+\Hp(Qp2).
Proof. If γ ∈ PGL2(Qp) is a transformation such that γ · z = z, then γ2
fixes z and z, so it has to be an elliptic transformation.
Now, on the one hand, a calculation shows that γ ·z = z implies Tr(γ) =
0. On the other hand, Tr(γ2) = Tr(γ)2 − 2Det(γ) = −2Det(γ).
Finally Tr(γ2)2 − 4Det(γ2) = 0, and so by Proposition 1.3 we find that
γ2 is a parabolic transformation, which is an absurd.
Let F be a fundamental domain in Hp(Qp2) for the action of Γp,+, so
there exists γ ∈ Γp,+ such that z′ := γ · z ∈ F .
Therefore γ · z = γ · z, since γ ∈ PGL2(Qp) and so its coefficients are
auto-conjugated. Moreover γ · z ∈ F , since |z′ − a| = |z′ − a| for every
a ∈ Qp, by the definition of the p-adic absolute value on Qp2 . This concludes
the proof.
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Corollary 4.5. Let ϕ ∈ E(K,H) be an embedding. Then ϕ is not O[1/p]∗+-
equivalent to ϕ.
Proof. Let us suppose that the two embeddings ϕ, ϕ areO[1/p]∗+-equivalent,
and let z, z be their fixed points. By Lemma 4.3 we know then that z has
to be equivalent to z or to z, and Lemma 4.4 gives that z can only be Γp,+-
equivalent to z. Let us define, as usual, P := Φp(σ) where σ ∈ O[1/p]∗+ is
such that σϕσ−1 = ϕ, and let us take the field K to be Q(
√
d). Since P has
z, z as fixed points, by Lemma 2.3 we find that P = λI2+µΦp(
√
d) for some
λ, µ ∈ Qp, λ 6= 0. An easy calculation now shows hat ϕ(
√
d) = (−µ/λ)d,
which is an absurd.
This last result allows us to prove the following theorem, where the
number of classes of optimal embeddings is related to the number of p-
imaginary multiplication parameters (cf. with its archimedean analog: [1,
Theorem 6.13]).
Theorem 4.6. The set CMp(D,N, d,m) is finite and has cardinality
cmp(D,N, d,m) = ν(D,N, d,m;O[1/p]∗+).
Moreover this cardinality is an even integer.
Proof. By Lemma 4.3, Lemma 4.4 and Corollary 4.5 we know that assigning
to an optimal embedding ϕ ∈ E∗(OK,m[1/p],O[1/p]) one of its two fixed
points {z(ϕ), z(ϕ)} induces a well-defined bijection between the sets
O[1/p]∗+\E∗(OK,m[1/p],O[1/p]) ≃ CMp(D,N, d,m).
The fact that the cardinality is even is clear from the bijection, because
for every point/embedding we have a different class given by the Galois
conjugated.
Note that the archimedean analog of this result, which is [1, Theorem
6.13], is “half of Theorem 4.6” since the cardinality of the set of∞-imaginary
multiplication points is given by the formula:
cm∞(Dp,N, d,m) =
1
2
ν(Dp,N, d,m;O∗B,+).
Corollary 4.7. The sets of points CM∞(Dp,N, d,m) and CMp(D,N, d,m)
have the same cardinality, i.e.
cmp(DB, N, d,m) = cm∞(DH , N, d,m).
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Proof. This is a consequence of Theorem 4.6, Theorem 2.13 and [1, Theorem
6.13].
Now, we can also define the cardinalities of certain sets of binary quadratic
forms classes and we can relate them with the number of CM points.
(a) hp(D,N, d,m) := #H∗p(O′[1/p],OK,m)/Φp(O[1/p]∗/Z[1/p]∗),
(b) h∞(Dp,N, d,m) := #H∗∞(O′B,OK,m)/Φ∞(O∗B/Z∗).
Corollary 4.8. We have the following equalities between cardinalities:
(i) hp(DB, N, d,m) = ν(DB, N, d,m;OB[1/p]∗) = 12cmp(DB, N, d,m),
(ii) h∞(DH , N, d,m) = ν(DH , N, d,m;O∗H) = cm∞(DH , N, d,m).
5 Computations in a family of Shimura curves
of discriminant 2p
In the following example we compute families of binary quadratic forms
arising from the p-adic uniformization of Shimura curves of discriminant 2p
and level N = 1, when p ≡ 1 (mod 4). We refer the reader to [2] for an
explicit description of the p-adic uniformization this and other families of
Shimura curves.
H =
(−1,−1
Q
)
, D = 2, p ≡ 1 (mod 4),
O := Z[1, i, j, ρ], where ρ := (1 + i+ j + k)/2,
O′ := Z+ 2O = 〈1, 2i, 2j, 2ρ− Tr(ρ)〉 = 〈1, 2i, 2j, ρ′〉, where ρ′ := i+ j + k,
O′[1/p] := O′ ⊗Z Z[1/p],
NH,4(X, Y, Z, Y ) = X
2 + Y 2 + Z2 + T 2,
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NO′,4(X, Y, Z, Y ) = X2 + (2Y + T )2 + (2Z + T )2 + T 2.
NO′,3(X, Y, Z) = (2X + Z)2 + (2Y + Z)2 + Z2,
For every α = (2y + t)i+ (2z + t)j + tk ∈ O′[1/p] ∩B0 we have
Φp(α) =
(
(2y + t)
√−1 2z + t+ t√−1
−(2z + t− t√−1) −(2y + t)√−1
)
∈ M2(Qp),
fΦp(α) = [−(2z + t) + t
√−1, −2(2y + t)√−1, −(2z + t)− t√−1x ]
∈ Z[1/p][√−1][X, Y ].
If a := −(2z + t), b := t, c := −(2y + t) then
a, b, c ∈ Z[1/p] such that b+ c ≡ a+ b ≡ 0 (mod2).
Let OK,m be an order of conductor m in a quadratic field K of discri-
minant DK , where K = Q(
√
d) for some d < 0 and
(
d
p
)
= −1.
Since det(fΦp(α)) = Nm(α) = a
2 + b2 + c2, we have
Hp(O′[1/p],OK,m[1/p]) = {[ a+ b
√−1, 2c√−1, a− b√−1 ] |
b+ c ≡ a + b ≡ 0 (mod 2), a2 + b2 + c2 = −m2DK}.
We now compute the subset of (O[1/p],OK,m[1/p])-primitive forms.
As shown in the proof of Theorem 3.1, to every primitive representation
(x, y, z) ∈ Rep∗(NO′,3,−m2DK ;Z[1/p]), corresponds a pure quaternion
α = (2x+ z)i+ (2y + z)j + zk ∈ B
of norm Nm(α) = NO,3(x, y, z) = −m2DK . Therefore the associated binary
quadratic form
fΦp(α) = [−(2y + z) + z
√−1, −2(2x+ z)√−1, −(2y + z + z√−1) ],
has determinant det(fΦp(α)) = −m2DK .
Finally, putting
a := −(2y + z), b := z, c := −(2x+ z),
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we have that
H∗p(O′[1/p],OK,m[1/p]) =
= {[ a+ b√−1, 2c√−1, a− b√−1 ] ∈ Hp(O′[1/p],OK,m[1/p]) |
((a + b)/2, (c+ b)/2, b) = Z[1/p]}.
Computing the zeros of these forms, we find that the set of p-imaginary
multiplication parameters CMp(2, 1, d,m) is the the set of Γp(2, 1)-equivalence
classes of the set of points
{(2x+ z)
√−1±m√DK
−(2y + z) + z√−1 ∈ Hp(Qp2) |
(x, y, z) ∈ Rep∗(NO′,3,−m2DK ;Z[1/p])} =
= {−c
√−1 ±m√DK
a+ b
√−1 ∈ Hp(Qp2) | (a, b, c) ∈ Z[1/p]
3,
a2 + b2 + c2 = −m2DK , ((a + b)/2, (c+ b)/2, b) = Z[1/p]}.
Example 5.1. Let us take p = 5. Since
(−1
5
)
= 1, the algebraic number
i :=
√−1 belongs to Q5. In particular, we can take
i := 2 + 1 · 5 + 1 · 52 +O(53).
If we also fix the values (d,m) = (−2, 1) , by Corollary 4.7 and [1, Table
A.35], we find that
cm5(2, 1,−2, 1) = cm∞(2 · 5, 1,−2, 1) = 2.
Therefore any representation (a, b, c) ∈ Rep(−8, X2 + Y 2 + Z2,Z[1/5]),
satisfying ((a+ b)/2, (c+ b)/2, b) = Z[1/p], gives rise to a couple of Galois
conjugated parameters in Q5(
√−2) ≃ Q52 . By Lemma 4.4 we know that
these two parameters are not Γ5,+-equivalent. Hence
CMp(2, 1,−2, 1) = {[1 + i
√−2], [1− i√−2]} ⊆ Γ5,+\H5(Q5(
√−2)).
Remark 5.2. The conjugated points from the previous example are as-
sociated to the representation (a, b, c) = (0, 2,−2) or, equivalently, to the
primitive representation
(x, y, z) = (0,−1, 2) ∈ Rep∗(NO′,3,−8;Z[1/5]).
CM points on Shimura curves 23
There are other primitive representations in
Rep(X2 + Y 2 + Z2,−8;Z[1/5]),
e.g., (a, b, c) = (0, 2, 2). This last one, for example, gives rise to the Ga-
lois conjugated points −1± i√−2, which are non Γ5,+-equivalent, again by
Lemma 4.4. Nevertheless, each of them is equivalent to one of the previous
points 1 ± i√−2, by the transformation represented by ( i 00 i ) and induced
by the unit quaternion i ∈ O× (cf. [2, Proposition 4.4 (ii)]).
Remark 5.3. The same reasoning as in Example 5.1 can be easily applied
for computing the set CMp(D,N, d,m) whenever its cardinality is 2. When
cmp(D,N, d,m) = cm∞(Dp,N, d,m) > 2,
we need to be able to decide whether two points are Γp,+−equivalent or
not. This can be done by first computing a fundamental domain for the
action of Γp,+, then applying a reduction point algorithm associated to the
fundamental domain, which gives a representative of each point inside the
fundamental domain (cf. [4] for the arquimedean analogous of such an al-
gorithm).
Anyway, this is not an easy problem as there is no general method
for computing p-adic fundamental domains with respect to the cocompact
groups Γp,+. In [2] we computed fundamental domains for certain infinite
families of Shimura curves in relation to Mumford curves covering them.
It will be the object of a future work to making explicit a reduction point
algorithm for those fundamental domains.
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